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Abstract

Discontinuous shear thickening and dynamic shear jamming can be observed in the dense granular suspension. Here, we determine the
criterion for the occurrence of shear jamming by studying the first normal stress difference N; of dense granular suspension in steady-state
rheology. When N; = 0, the suspension is shear jammed, and the frictional contact dominates the framework. The jamming onset stress
decreases when the particle volume fraction increases. The lubrication to friction mechanism predicts the occurrence of shear jamming and is
consistent with the trend predicted by the Wyart—Cates model. The state of a dense granular suspension can be distinguished in the state
diagram via the analysis of N;. This work can aid understanding of the rheology of concentrated particle suspensions. © 2021 The Society

of Rheology. https://doi.org/10.1122/8.0000190

Il. INTRODUCTION

A shear thickening fluid (STF) is a type of granular sus-
pension whose apparent viscosity 1 rises dramatically when
the shear stress 7 or shear rate 7 exceeds a certain value
[1,2]. Continuous shear thickening (CST), during which 7
rises mildly, is often observed in suspensions with lower con-
centrations. Dense granular suspensions can exhibit discon-
tinuous shear thickening (DST) or shear jamming (SJ)
behavior when subject to shear [3,4] or impact [5-8]. In par-
ticular, when shear thickening occurs in an STF, 7 rises
sharply and the flow curve can even assume an S-shape
under stress-controlled rheological conditions [9-12].

The Wyart—Cates (W-C) model [13] can provide a good
explanation for the rheological behavior of a dense granular
suspension, including during CST and DST. It indicates that
the jamming density is a function of the particle pressure in
the framework,

by = buf + ¢(1 1), (D

in which f(p) € [0, 1] represents the fraction of the frictional
contact formed by the ruptured lubrication interaction; ¢,
and ¢, are the maximum frictional and frictionless volume
fractions, respectively; and 7 diverges at ¢,. Thus,

-2
n=rn (1 - ¢i> ) )
J

where 7, is the solvent viscosity. According to the W-C
theory, the suspension can change from flowable to
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nonflowable when the shear stress applied to the flowable
dense granular suspension exceeds a certain value. SJ is
often defined as a nonflowable state. Once the suspension is
shear jammed, the applied shear rate decreases to zero. The
numerical simulation results are in line with this definition
[11,14]. However, in the experiment, this phenomenon is dif-
ficult to observe experimentally via conventional rotational
rheological tests. The shear rate does not decrease to zero in
high-concentration suspensions (¢,, < ¢ < ¢,) that are sup-
posed to be shear jammed within a certain shear stress range
[12,15,16]. Faced with this contradictory result, Baumgarten
et al. [17] explained that the force-chain network is con-
stantly destroyed and reorganized and that this prevents the
shear rate from decreasing to 0. Han et al. [18] claimed that
it is difficult to maintain a uniformly shear jammed state due
to the rate fluctuations and boundary slip. Actually, the sus-
pension exhibits elastic properties: once a suspension is shear
jammed, a steel ball will not sink in the suspension [19].
Therefore, the classical W-C model is not applicable to the
rheological curves of dense granular suspensions or the
determination of state transitions in high-concentration sus-
pensions. Other efforts have been focused on the experimen-
tal determination of the jamming onset stress of a dense
granular suspension under the wide-gap shear geometry. For
example, the wide-gap transient flow and the rebound impact
of a small ball in the wide-gap Couette geometry were pro-
posed by Peters [19] and Han et al. [18,20]. Dhar inferred
the jamming stress by fitting the suspension viscosity to
various volume fractions and varying the shear stress [21].
Thus far, no criterion has been given directly for the SJ onset
in a narrow-gap rheological experiment.

The normal stress differences N; = o, —o0,, and
N, = o0,, — 0, are also important rheological parameters
[22], where x, y, z are defined as the direction of the shear
flow, velocity gradient, and vorticity, respectively. Ny and N,
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in a Newtonian fluid are equal to O, while they are compli-
cated in a dense granular suspension with complex rheologi-
cal behavior. The overall research studies indicate N, < 0.
However, the current N; results are very complex [23-25].
N; can be either negative or positive depending on the
volume fraction and applied stress [26-30]. Negative N; is
often considered the pure hydrodynamic thickening [31] and
observed in a suspension whose particle volume fraction ¢ is
relatively low. However, even though the thickening in simu-
lations contains weak frictional contact, N; is still negative.
A positive N; can usually only be observed when a high-
concentration suspension is applied with high shear stress.
Meanwhile, the normal force [F = 7R?*/2(0y — 0y) for the
cone-plate test system] is greater than O in rheology, which
means the suspension is trying to push the plate away. This
indicates the suspension behaves in elasticity and this behav-
ior is very similar to the shear dilatancy [1]. When the dense
granular suspension transitions from hydrodynamic lubrica-
tion to frictional contact (L-F) [10,32,33], N; changes from
negative to positive. Experimentally, positive N; indicates
that the friction force dominates when it approaches ¢,, [34].
Moreover, Seto found that the ratio of the first normal stress
difference to the shear stress was negative, and tended to 0
when it was more jamming [35]. These existing results
inspire us that the jamming onset can be given by the N;
result. Here, we define the occurrence of SJ as N; > 0.
Therefore, the traditional DST area in the experiment is rede-
fined. The experimental SJ in this study corresponds to a
portion of the generalized DST state where the dense granu-
lar suspension can exhibit elasticity (N; > 0) and flowability
(y > 0). Correspondingly, the DST represents another
portion of the generalized DST state where dy/dtr < 0 and
Ny <0.

The rheological behavior of a dense, polymer-based gran-
ular suspension was investigated in this study. Its dynamic SJ
flow curves were fitted using a modified W-C model that
considered structural hardening and softening. To explore the
criterion for SJ, variation of the first normal stress difference
N, of suspensions with a wide range of particle volume frac-
tions was studied under various shear stresses. The change in
the structural orientation angle of each suspension during
shear thickening was obtained via an analysis of the N
results. Finally, the state transition diagram of a dense granu-
lar suspension was summarized in the 7 — ¢ plane based on
the flow curve and N; results.

Il. MATERIALS AND METHODS

The dense granular suspension used in this work was a
mixture of polystyrene ethyl acrylate (PSt-EA) nanoparticles
(diameter 350 nm, density 1.05 g/cm®) and ethylene glycol.
Since the particle and solvent densities were quite similar,
sedimentation of the particles was ignored. Rheological tests
were performed using a rheometer (Anton Paar MCR302).
The test system was equipped with a cone-plate rotor (test
diameter 20 mm, cone angle 2°). The test temperature was
controlled to 25 °C. To eliminate the initial residual stress in
the suspension, preshear was employed before each test.
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FIG. 1. The applied shear stress 7 as a function of time .
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The MCR 302 rheometer had stress- and strain-control
modes. In the stress-control mode, the shear stress of the
specimen was controlled by controlling the torque on the
rotating the rheometer rotor. In this study, the shear stress
increased exponentially from 1 to 40 000 Pa in 345 s, and
the sampling rate was 4 pts/s. Once the suspension was
thrown out of the test area, the test was terminated. The expo-
nential fitting in Fig. 1 reveals that the shear stress growth
function was 7 = %!, The rate of change of the shear
stress remained constant in all experiments.

lll. RESULTS AND DISCUSSIONS
A. Rheological flow curve

Figure 2(a) presents the flow curves of suspensions with
a wide range of particle volume fractions. The complete
results are shown in the supplementary material [36]. When
7 is below the threshold for shear thickening 7°=379Pa, n
decreases when 7 increases, and the suspension exhibits
shear thinning. When 7 exceeds 379 Pa, 7 starts to rise and
the suspension exhibits clear shear thickening phenomenon.
The suspension exhibits the CST characteristics when ¢ =
0.53 or 0.54, whereas ¥ increases monotonically as 7
increases. When the volume fraction increases, the suspen-
sion exhibits the DST characteristics at ¢pgr < ¢ < ¢,
(¢psr 1s the critical volume fraction for the occurrence
of DST). The flow curve is S-shaped with dy/dz <O0.
Beyond this region, 7 and y exhibit positive correlations
again. According to the W-C theory, the suspension can be
shear jammed as ¢, < ¢ < ¢, and the jamming onset
stress decreases with the particle volume fraction. In our
work, the rheological tests indicate that ¢,, = 0.581 and
¢. = 0.628. Thus, the suspension is shear jammed when
0.581 < ¢ < 0.628. However, 7y does not decrease to 0
even when 7 increases from 1 to 20000 Pa. This indicates
that the suspension is shear jammed within a certain shear
stress range, but the shear rate does not determine this state
transition.



SHEAR JAMMING ONSET

10" 10 10°

y [s7]

421

(b)

10

10°
10"

10" 102

y [s7]

10°

FIG. 2. (a) Flow curves: shear stress 7 vs shear rate 7 for suspensions with various concentrations under stress-controlled shear rheology conditions. (b) The
flow curves predicted by classical (dashed line) and modified (solid line) W-C models with the volume fraction-dependent yield stress.

According to the classical W-C model, the frictional
contact fraction is 1 (f = 1) and the shear rate is zero (y = 0)
in the shear jammed state. However, the shear rate remains
almost a constant value (y # 0) during the rheological
experiment. This implies that f < 1. To clarify this conflict,
researchers tend to assume that f is a function of time and
stress, f = f(¢, ) [12,16,17]. In this work, we use the equa-
tion provided by Baumgarten et al. [17],

S
%y =HT =D, ©)

where Ky is a dimensionless parameter; f is the upper
bound of hardening; and H and § are the hardening and
softening rates, which are functions of the yield stress
7, [14,37]. In the above equation, H = (max(r — 7, O)/r*)y2
and S =14 max(z — 7y, 0)/ngy [36]. When f hardens,
f— f and the system becomes more jammed. When f
softens, f — 0. Hardening and softening of f represent contin-
uous destruction and reorganization of the jamming network
under the action of shear. The modified W-C model
[Fig. 2(b)] provides a good description of the flow curve:
despite the occurrence of SJ, ¥ measured by the experiment is
not equal to 0 due to continuous destruction and reorganiza-
tion of the jamming network [38] in the framework. When
b,, < ¢ < ¢, the suspension can be shear jammed under
high shear stress. In this case, the suspension transitions from
a fluid state to a solidlike state. The solidlike suspension has
the finite strength. When the stress exceeds the failure stress, it
is damaged. Therefore, the viscosity of the suspension is finite
when SJ occurs because the solid breaks under high stress.

B. Experimental determination of the first normal
stress difference

Since ¥ # 0 during SJ, the jamming phase diagram pro-
vided by the classical W-C model [36] is not applicable.
Moreover, the modified W-C model cannot provide a

jamming phase diagram under the criterion that y = 0. Due
to this limitation, we seek a new basis for calculating the
occurrence of SJ in dense granular suspension.

We analyze examples where ¢ = 0.56 and ¢ = 0.594 in
order to consider representative DST and SJ. The complete
results are shown in the supplementary material [36]. As
shown in Fig. 2, when 7 < 7°, N; remains almost constant.
However, N; exhibits obvious correlation with 7 and ¢ when
7> 7", In the CST region [Fig. 2(a)], N; is proportional to 7.
When ¢ is relatively low (¢ = 0.53 and 0.54 in the supple-
mentary material [36]), N; can even be positive. To avoid
conflicts, we exclude the case of pure CST from the subse-
quent analysis. During the CST to DST transition, N
changes from rising to falling and afterwards becomes
increasingly negative such that: —N; oc 7, even the suspen-
sion changes from DST to CST again when 7 exceeds the
upper bound of DST. Once ¢ > ¢,,, SJ occurs. In the DST
region, N; first exhibits a downward trend in oscillation with
7, in which the oscillation frequency decreases as ¢
increases. Royer et al. [34] found that the simulations based
on hydrodynamic interactions drive N; <0 and predicted
that N; becomes increasingly negative as the particle concen-
tration increases. Simulations based on friction models with
roughened particles could only produce Ny > 0. Their exper-
iment showed that negative contributions to N; from lubrica-
tion can mask positive frictional contributions at moderate
volume fractions. However, at high volume fractions and
shear stresses, the friction interactions become dominant and
N, transitions from negative to positive. The transition of N;
from falling to rising is caused by increased friction. In addi-
tion, N, increases with 7 due to the influence of increasing
frictional contact. The fluctuations in N; are similar to
the relaxation oscillation of y [12]. Fluctuations in  are asso-
ciated with particle migration [16,39]. However, ¥ in this
work does not exhibit visible oscillation. This reveals that the
suspension is anisotropic during DST [27,40]. Frictional
contact is often considered to be the origin of DST.
Some experimental and numerical results reveal that DST
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FIG. 3. The apparent viscosity 7 and first normal stress difference N; vs the shear stress 7 for (a) ¢ = 0.56 and (b) ¢ = 0.594. Inset I: N; vs 7 in the linear
coordinate system indicates that —N; oc 7. Inset II: an enlarged view of N, during the CST to DST transition. The positive contribution to N; in the CST area

originates from the Brownian motion [34].

can be generated when there is only hydrodynamic lubrica-
tion between dense, roughened particles [41,42]. According
to the literature [10,34], lubrication interactions contribute to
making N, negative, and the frictional contact can result in
N; > 0. From the numerical simulation of the contact
network, one can conclude that there is still a relatively
sparse contact effect in the system when the dense suspen-
sion exhibits low viscosity [10,25,43]. When ¢ < ¢,,, the
experimental results show that Ny < O throughout the shear
thickening region. This indicates that the lubrication interac-
tion dominates the system. Although the frictional contact
occurs between particles, no continuous force-chain network
can be formed due to the low volume fraction of particles.
Thus, its influence on N; is masked by lubrication. When
¢,, < ¢ < ¢, [Fig. 3(b) and supplementary material [36]],
N, first decreases and then increases with 7. We note that
N; < 0 in the low shear stress region. However, N becomes
positive in the high shear stress region. It can be inferred that
hydrodynamic lubrication is dominant within a smaller range
of 7. Since the average particle distance is narrower than
¢ < ¢,,, a local transient contact can form in the direction of
the velocity gradient, resulting in oscillation of N;. Therefore,
DST is the result of the combined action of fluid lubrication
and frictional contact. After 7 exceeds the jamming onset
stress 77, Ny > 0, the frictional contact is dominant in the
system [9,10] and the suspension is shear jammed.

C. The orientation angle

The fluid stress tensor under simple shear is

o = T 02 0 . (4)

The corresponding strain rate tensor is

v
00
2
D= |y )
200
2
000

In a Newtonian fluid, o1y = 02, = 033. Thus, N; =
o011 — 02 = 0 and N, = 09, — 033 = 0. However, o1y, 022,
and o33 do not equal each other in the dense granular
suspension. This may result in a situation where Ny # 0 or
N, # 0.

The three eigenvalues of the stress tensor ¢ are

_(on+om)+ V(o1 — o) + 472

z 5 , (6)
2
_ _ 472
Ay = (o1 +02) — V(o1 —on)* +41 ’ 6b)
2
A3 = 033. (6¢)
The corresponding eigenvectors are
— — _ 2 4 2
= [ -1, (011 — 02) — V(o1 — 0n)* 47 0). 7o
27
_ _ 24472
= (-1, (011 — o) + V(o1 —on)’ +4r 0). (b
2t
n} = (0,0, 1). (7c)

The orientation angle 6 is defined as the angle between the
direction of compression and the vertical [44]. It is clear

that cos@ = (011 — 622) + /(611 — 02)* + 472/27|n}| and
sin@ = —1/|nl]. As a result,

N
L4\ 4+ Wy/o)?

tan @ = £
an 2

®)

Finally,

2 tan 6 2T

tan 20 = ——— = —.
an 1 —tan20® N;

(€))
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FIG. 4. The evolution of the orientation angle 6 vs the shear stress 7 when (a) ¢ = 0.56 and (b) ¢ = 0.594.

The O results are calculated based on Eq. (9) and pre-
sented in Fig. 4. In general, 0 decreases as 7 increases. In
particular, @ decreases rapidly from nearly 90° in the shear
thinning region. 8 = 90° reveals that the direction of the
second principal stress inside the suspension in the shear
plane is perpendicular to the direction of the shear velocity
gradient. This change indicates that the direction of the prin-
cipal stress axis has been deflected. The difference between
the two principal stresses in the shear plane is governed by a
linear relationship and 7: 4; — A,/7 = 2 in the shear thick-
ened suspension [36]. The orientation angle can explain the
N result based on the internal structure. When ¢ = 0.56, N;
tends to be more negative as 7 increases. However, when
¢ =0.594, N; transitions from negative to positive as 7
increases. From the perspective of Nj, these two results are
substantially different. From the point of view of the orienta-
tion angle 6, this is because 6 < 45° when ¢ = 0.56. when
¢ = 0.594, 6 increases from below 45° to above 45°. When
¢ < ¢, 0 increases slightly with 7 in the DST region.
When ¢ > ¢,,, 0 decreases in oscillation with 7 in DST.
When 0 = 45°, N; = 0, and SJ occurs in the suspension.

D. The first normal stress difference as predicted
using the lubrication to friction model

Lubrication originates from the squeeze and shear
between particles. Frictional contact produces a contact force
in the direction of contact and a frictional force perpendicular
to the contact direction. As a result, the lubrication interac-
tion and frictional contact affect both oy, and o,,. In other
words, the hydrodynamic lubrication and frictional contact
effect Ni. The decomposition of N; can show the influence
of the hydrodynamic lubrication and frictional contact in
various thickening states visually. In this work, we try to
identify the quantitative relationship between lubrication and
friction. Singh et al. proposed a model that depicts the rate
dependent normal stress differences [11]. This model repro-
duces the contributions of friction and lubrication on the first
normal stress difference, in which the lubrication portion
diverges at ¢, and the friction portion diverges at ¢,,. It pre-
sents the negative to positive transition of N;. However, the
transition zero point is independent of the volume fraction,

which is inconsistent with the results obtained in the experi-
ment. In addition, when N; is always negative, it has a linear
relationship with the shear stress. Although frictional contact
occurs in this case, little of it occurs in the framework and its
influence is masked by hydrodynamic lubrication. Thus, a
negative N can simply be regarded as the result of lubrica-
tion. That is, the lubrication portion is linear with respect to
the shear stress. The experimental results indicate that N
rises sharply after exceeding the transition zero point and
tends to infinity. Therefore, we believe that the effect of
frictional contact diverges at ¢; and propose a friction term
that is similar to that of Singh et al. in terms of expression.
The experimental result indicates that N; can be decomposed
into two terms: the lubrication term N;; and the friction
term Nig,
Ny = Nip + Nir. (10)
Here, Ny, has a linear relationship with 7 [24]. According to
our experimental results, the first normal stress difference is
approximately NY, = 200 Pa when the shear stress is 0. This
result is derived from the capillary force on the surface of the
suspension. The suspension remains stationary when there is
no external shear stress. It can be inferred that o,, = 0.
However, o,, is not equal to 0. The suspension should be a
large droplet on the plate without the upper plate and the side
profile is approximately semi-elliptical. Therefore, due to the
presence of the upper plate, the suspension is stretched in the
vertical direction and o, > 0. It can be inferred that
Ny, = —0.57 — NY,. (11)
Here, N is the contribution from frictional contact. When
jamming occurs in a dense granular suspension, Ny diverges

at ¢, [11],
-2
Nlp = k(l — %) T,

in which ¢; takes the hardening and softening of f into
account [Eq. (3)]. Nir can be determined using the modified

(12)
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W-C model. Figure 5 indicates the overall Ny comprises
lubrication and friction when k£ = 0.0025. It is obvious that
the results from the lubrication to friction (L-F) theory
correspond well to those from the experiment. When
bpsr < ¢ < ¢,,, Ni decreases gradually as 7 increases. In
Fig. 6(a), the value of N; depends mainly on Nj;. Thus, N;
decreases linearly as 7 increases. When ¢,, < ¢ < ¢, N;
first decreases slowly with 7 and then increases. When
N; = 0, the lubrication and friction are balanced and the
onset of SJ occurs.

Figures 6(a) and 6(b) depict competition between lubrica-
tion and friction. The influence of friction is negligible com-
pared to that of lubrication at ¢ = 0.56. At ¢ = 0.594,
lubrication is dominant when 7 is relatively small. However,
as 7 increases, the suspension transitions from lubrication to
friction, SJ occurs in the suspension, and N; changes from
negative to positive.

The relationship between the jamming onset stress 7; and
¢ is analyzed in Fig. 7. It is clear that the suspension can be
shear jammed only until ¢ > ¢,, and that 7; decreases as ¢
increases. The numerical 7; predicted using the L-F theory
corresponds well to the experiment. This confirms the
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FIG. 7. The volume fraction ¢ as a function of the onset of jamming shear
stress 7;. The black, dashed line shows the result predicted using the L-F
theory. The red, dashed line shows the result predicted using the classical
W-C model.

competition between lubrication and friction mechanisms
during the DST-SJ transition. Compared to 7; obtained via
the W-C model, this method identifies a higher threshold for
SJ because of the evolution of the internal structure under
shear.

As stated in the Introduction, discussion of Ny has always
been of interest to researchers since there are considerable
differences between studies. We compare N; observed in
our experiment to the literature [26,34,41,43,45] in Fig. 8.
The values in our work are obtained by averaging data from
the 8000—15 000 Pa region. If the test range is lower than this
interval, we use a value from a region that is as close as possi-
ble to the interval. As shown in Fig. 8, the dimensionless first
normal stress difference (V;/7) in our work is similar to those
found by Royer et al., Mari et al., and Sivadasan et al., who
observed a negative to positive | transition as ¢ increased.

E. State diagram

N; can be used to distinguish between CST and DST, as
well as SJ. Upon combining the flow curve with Nj, the
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FIG. 6. The contributions of lubrication and friction to N; when (a) ¢ = 0.56 and (b) ¢ = 0.594.
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suspension can be divided into several distinct states in the
7 — ¢ plane (Fig. 9). When ¢ > ¢, the suspension exhibits
a significant yield effect. It is not flowable when 7 < 7,.
The yield stress increases with ¢ and diverges at approxi-
mately ¢.. When the suspension starts to flow, n decreases
as 7 increases, so shear thinning occurs. The system under-
goes shear thickening once 7> 7". When ¢ < ¢pgr, the
dense suspension only exhibits CST, N; oc 7. The suspen-
sion undergoes CST under lower shear stress when
bpst < ¢ < ¢,,. When 7 reaches the threshold required for
DST, dy/dt <0 and N, decreases linearly as 7 increases.
This reveals that the frictional contact is weak in this case

10 M
CST
__10°; 3
@© £
a, -
& 1025 -
10" 4
Unyielding
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052 054 056 058 060 0.62

¢

FIG. 9. State diagram for a dense granular suspension with unyielding
(yellow), shear thinning (blue), continuous shear thickening (CST, green),
discontinuous shear thickening 1 (DSTI, purple), discontinuous shear thick-
ening 2 (DST2, pink), shear jamming (SJ, light gray), and fully jammed
(gray) regions. The experimental results are shown using darker-colored
symbols. The dashed lines indicate ¢, and ¢.. DST1 and DST2 are sepa-
rated by ¢,,. The solid lines show the predicted yield stress (blue), the onset
of the SJ stress (black), and the onset of the DST stress (violet).

and hydrodynamic lubrication dominates the suspension
[41]. As ¢ increases, the CST area decreases and the
CST-DST threshold decreases. When 7 exceeds the upper
threshold of the DST region, dy/dz > 0. The upper stress
threshold of the DST region increases with ¢. In this case,
DST does not cause SJ. The DST in this area is named
DSTI1. It is difficult to observe CST when ¢,, < ¢ < ¢,.
In the DST state, N; first decreases and then increases as ©
increases. The increasing frictional contact gradually domi-
nates the system. The DST in this case is called DST2.
Thus, ¢,, distinguishes between DST1 and DST2. The sus-
pension transitions from DST to SJ, and this is accompa-
nied by a negative to positive transition of N;. 7; decreases
with increasing ¢ [21,34]. The suspension is completely
jammed when ¢ > ¢,.. Our state diagram can distinguish
the unyielding, shear thinning, CST, DST, and SJ states
clearly. The results correspond well to those from previous
studies [12,14,18].

IV. CONCLUSIONS

The modified Wyart—Cates model indicated that the force-
chain network is constantly destroyed and reconstructed in a
shear jammed suspension [17]. In order to determine the SJ
phenomenon of suspension via steady-state rheological tests,
the basis for judging the occurrence of SJ was explored via
Ni. Normally, N; <0, and the orientation angle 6 > 45°
when ¢, < ¢ < ¢, in the DST region. When N, is positive,
the frictional contact has surpassed hydrodynamic lubrication
and became dominant in the system [34]. This indicates the
occurrence of SJ. Our results confirm the competition
between lubrication and the friction mechanism during the
DST-SJ transition. This work provides help and inspiration
for studies of jamming in dense granular suspensions.
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