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Abstract 

 

This paper presents the design of a pendulum-like adaptive tuned vibration absorber (ATVA) and its application to a multi-mode sys-

tem. The natural frequency of the pendulum-like ATVA can be adjusted in real time by adjusting its geometric parameters. The principle 

and the dynamic property of the ATVA are theoretically analyzed. Based on the analysis, a prototype of the ATVA is proposed and de-

veloped. Simulations are carried out to predict the effectiveness of the ATVA when applied to the multi-mode system. The simulated 

results are verified by experimental studies, which are conducted on a multi-mode platform that comprises mass, isolator, and a flexible 

base. The results indicate that the ATVA installed on an optimized location in the system can effectively reduce vibration over a broad 

frequency range and can perform better than a tuned vibration absorber.   
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1. Introduction 

Tuned vibration absorbers (TVAs), which were invented by 

Frahm in 1909 [1], have been widely used in suppressing un-

desired vibrations because of their simple structure and obvi-

ous effect in vibration control fields [2-6]. The TVA is a sin-

gle-frequency vibration control device that only works within 

a narrow frequency range. If the exciting frequency is in a 

wide range, the vibration attenuation effect of the TVA often 

decreases or even collapses because of mistuning [7]. This 

problem is a major limitation of TVAs in many practical ap-

plications. To overcome this defect, an adaptive tuned vibra-

tion absorber (ATVA) has been developed [8-10]. The ATVA 

can expand the effective frequency band and significantly 

improve its performance in many applications by properly 

adjusting its natural frequencies in real time to track the excit-

ing frequency. In comparison with the active vibration ab-

sorber, the ATVA consumes less power because it does not 

require active force. Moreover, the ATVA is a fail-safe device 

because it can work as a TVA in case of power loss. 

A number of approaches have been proposed to develop 

novel ATVAs, including varying the mass distribution by 

mechanical mechanisms [8, 11], tuning stiffness through me-

chanical mechanisms [12-17], varying the magnetic spring 

controlled by current [18], or using controllable new materials 

[19-21]. The mechanical ATVA, which tunes its natural fre-

quency through mechanical mechanisms, has many advan-

tages. It ensures the stability, durability, and availability of 

devices. Therefore, this kind of ATVA has been attracting a 

wide range of interests. Franchek and his colleagues [12] de-

veloped an effective ATVA by using a helical spring as the 

tunable stiffness element, which can be adjusted by varying 

the effective number of coils. The stiffness of a cantilever 

beam has been reported to be dependent on its effective length. 

Therefore, the cantilever beam can serve as a tunable stiffness 

element of ATVA [13]. To this end, two leaf springs are used 

to construct a tunable stiffness element, which can be adjusted 

by controlling the opening of two leaf springs [15]. Bonello et 

al. [17] proposed an ATVA with piezo-actuated curved beam, 

the stiffness of which is varied by adjusting the curvature of 

each beam. Such an ATVA has many advantages because of 

their small redundant mass and rapid excited frequency track-

ing. However, this kind of ATVA is still plagued by many 

problems that need to be solved, such as reducing damping, 

improving performance, increasing durability, and so on.  

Stability and vibration damping effect are essential in the 

design of a high-performance ATVA. In practice, the damping 

of the ATVA should be controlled to a small value to achieve 

high vibration attenuation performance [22, 23]. However, 

most materials used in ATVAs have stable damping, which is 
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difficult to decrease. Recently, Xu [24] used a voice coil mo-

tor to provide an active force to counteract the damping force. 

This system improved the vibration attenuation capability of 

the ATVA considerably. However, active forces that must be 

introduced to this device increase the complexity and energy 

consumption of the ATVA. Therefore, some other methods 

should be considered to further improve vibration reduction. 

The spring element is the key component of the ATVA when 

the vibration absorber is working in a vibrating system. The 

spring elements are usually subjected to a long period of cy-

clic deformation, often resulting in fatigue failure. This is the 

soft costal region of ATVA, which requires further investiga-

tion. 

The vibration attenuation performance should be evaluated 

as soon as the ATVA prototype is made. Currently, most of 

the evaluations are implemented on small mass-like platforms 

with one degree of freedom [11, 16, 20, 25-27]. However, in 

practice, many primary systems wherein the ATVAs are ap-

plied are usually massive multi-mode systems, such as the 

motors on resilient supporting elements. Some studies have 

been carried out to attenuate the vibrations of multi-mode 

systems using vibration absorbers. Brennan and Dayou [28, 

29] used a vibration neutralizer to attenuate the global vibra-

tion of a multi-mode system (beam). Both theoretical and 

experimental results proved that the vibration neutralizer can 

be as effective as an active device at a single frequency in 

controlling the kinetic energy of the system. Multiple-tuned 

mass dampers are used to control the vibrations of multi-mode 

systems that are subjected to broadband excitation, such as 

certain buildings and machines [30, 31]. The vibration of 

multi-mode systems can also be controlled by some distinctive 

vibration absorbers [32, 33]. However, to our knowledge, few 

studies have focused on the evaluation experiments of the 

vibration attenuation effect of the ATVA in massive multi-

mode systems. 

In this paper, a high performance pendulum-like ATVA is 

designed by introducing a leveraged structure. To improve the 

efficiency of the ATVA, a spring element with large stiffness 

can be used to reduce the spring deformation. The pendulum-

like ATVA is supposed to be an effective device that can en-

hance the vibration absorption capacity and further increase 

resistance to fatigue damage. Finally, a multi-mode experi-

mental platform is designed to investigate the practical vibra-

tion adsorption performance of the pendulum-like ATVA. 

This paper is divided into six sections. Following the introduc-

tion, the principle of the pendulum-like ATVA and the com-

parison between the pendulum-like ATVA and the transla-

tional ATVA are analyzed in Section 2. Section 3 describes 

the pendulum-like ATVA prototype and its dynamic property 

testing. Section 4 presents the simulations and experiments for 

the vibration attenuation effect of the pendulum-like ATVA 

on the multi-mode system. The conclusions are summarized in 

the final section.  

 

 

2. Analysis on pendulum-like ATVA 

2.1 Working principle 

To illustrate the working principle, an SODF primary sys-

tem with the proposed pendulum-like ATVA is described in 

Fig. 1(a). The pendulum-like ATVA can be considered as two 

axisymmetric dynamic masses swaying around the same pen-

dulum axis. It consists of three parts: the static mass, dynamic 

mass, and the spring-damping system. The static mass is com-

posed of an absorber base and a pendulum axis. The dynamic 

mass is composed of a pendulum arm and a sliding block. The 

mass distribution of dynamic mass can be changed by adjust-

ing the position of the sliding blocks at the pendulum axis. 

Thus, the natural frequency of the pendulum-like ATVA can 

be controlled by tuning the position of the sliders to trace the 

external excitation frequency. When the tuned pendulum-like 

ATVA matches the excitation frequency, the vibration can be 

attenuated significantly. This point will be theoretically ad-

dressed in the following sections. 

Given the symmetrical structure of the pendulum-like 

ATVA, its scheme can be simplified in Fig. 1(b). ,
p

m ,
p
k  

and 
p
c  are the mass, stiffness, and the damping of the pri-

mary system, respectively. 
a
m  is the dynamic mass of the 

pendulum-like ATVA; it is composed of the slider’s mass 
1
m  

and the mass of the pendulum arms’ mass 
2
.m

s
m  is the 

static mass of the pendulum-like ATVA. 
a
k  and 

a
c  are the 

 

(a) 

 

 

(b) 
 

1. Left dynamic mass; 2. Pendulum axis; 3. Pendulum arm;  

4. Cylindrical slider; 5. Spring element; 6. Absorber base. 
 

Fig. 1. Scheme of the primary system with pendulum-like ATVA. 
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stiffness and damping of the spring element, respectively. l  

is the distance between the smart spring element and the axis. 

R  is the distance between the centroid of the slider and the 

axis, and R  it can be adjusted to track frequency-varying 

disturbances. L  is the length of the pendulum arm. r  is the 

radius of the cylindrical slider. f  is the exciting force ap-

plied on the primary system. 
p
x  is the displacement of the 

primary system. 
a

θ  is the angular displacement of the pendu-

lum-like ATVA. According to Newton's law [34], the equa-

tions of motion can be expressed as follows: 
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Defining ,
p p p

k mω =  (2 ),
p p p p
c mξ ω=  ,

a a a
k mω =  

and (2 ),
a a a a
c mξ ω=  where 

p
ω  and 

p
ξ  are the natural 

frequency and the damping ratio of the primary system, re-

spectively, and 
a

ω  and 
a
ξ  are the relative natural frequency 

and the damping ratio of the pendulum-like ATVA, respec-

tively. It should be noted Note that 
a

ω  is not equal to the 

natural frequency of the pendulum-like ATVA. In fact, it is 

the natural frequency of the translational ATVA whose spring 

element is the same as that of the pendulum-like ATVA. In 

this paper, 
a

ω it is defined as the relative natural frequency. 

From Eq. (1), the driving point mobility of the primary system 

with a pendulum-like ATVA attached can be obtained as fol-

lows: 
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In Eqs. (2) and (3), the non-dimensional parameters are de-

fined as follows: 
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When the pendulum-like ATVA is removed, the driving 

point mobility of the primary system can be written as fol-

lows: 
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Here, the vibration attenuation effect is defined as the ratio 

of the driving point mobility of the primary system with and 

without the pendulum-like ATVA attached. Based on the 

work of Deng [20] and Xu [24], ratio ,γ  which reflects the 

effect of vibration absorption capacity, can be defined as 
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When the pendulum-like ATVA is working, the natural fre-

quency will be turned to trace the external excitation fre-

quency in real time. Hence, 

 

n
ω ω=  (7) 

 

where 
n

ω  is the natural frequency of the pendulum-like ATVA, 

which can be obtained by setting 
p
x  to zero in Eq. (1). 
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Substituting Eq. (8) into Eq. (7), the control strategy of the 

pendulum-like ATVA can be rewritten as follows: 
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If the pendulum-like ATVA is not controlled and the posi-

tion of the sliders is fixed (the natural frequency of the pendu-

lum-like ATVA is kept at a fixed value), it can be regarded as 

a pendulum-like TVA. Usually, the natural frequency of the 

ATVA is fixed at the natural frequency of the primary system. 

 

n p
ω ω=  (10) 

 

Similarly, substituting Eq. (10) into Eq. (7), the position of 

the sliders can be calculated by   
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ap a p

ω ωΩ = . 

Generally, various parameters of the primary system are es-
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tablished established, and the total mass and size of the vibra-

tion absorbers have specific restrictions. Therefore, when the 

mass ratio of the total mass to the primary system µ  and the 

damping ratio of the primary system 
p

ξ  of the vibration 

absorbers are established, the capacity of the vibration sup-

pression is only related to the damping ratio 
a
ξ  and to the 

mass ratio of the pendulum-like ATVA. The effect of the vi-

bration absorption capacity can be calculated according to the 

following parameters: 0.02,µ = 0.8,η = 0.2,ϕ = 1,r =% 7L =%  

and 3.5.
ap

Ω =  Comparisons of various parameters are 

shown in Fig. 2. 

During the simulation, the dimensionless frequency 
p

Ω  

varies from 0.5 to 1.5. Fig. 2(a) is the vibration attenuation 

effect of the pendulum-like ATVA when the mass ratio 
1
µ  is 

fixed at 1/10 and the damping ratios 
a
ξ  are 0.02, 0.04, and 

0.08, respectively. Fig. 2(b) is the vibration reduction effect of 

the pendulum-like ATVA when the damping ratios 
a
ξ  are 

fixed at 0.02, and the mass ratios are 1, 1/2, and 1/8, respec-

tively. Decreasing the damping and mass ratios is found to 

cause an increase in the vibration suppression effect. The 

simulation results further indicate that a smaller damper mate-

rial, such as a metal material, should be applied during the 

design of a vibration absorber and that the damping caused by 

friction between parts should be minimized. To decrease the 

mass ratio of the vibration absorber 
1
,µ  the mass of the vi-

bration absorber should be located on the moving mass of the 

vibration absorber. 

2.2 Comparison with translational ATVA 

2.2.1 Comparison of vibration reduction performance 

Compared with the translational ATVA, the pendulum-like 

ATVA possesses many advantages, although both have the 

same mass and variation frequency range. According to the 

Ref. [23], most translational ATVAs can be described as the 

model shown in Fig. 3. 

The translational ATVA is also attached to the SDOF pri-

mary system as shown in Fig. 3. 
a
m  and 

s
m  are the dy-

namic mass and the static mass of the translational ATVA, 

respectively. They are equal to the values of the pendulum-

like ATVA. 
a
k′  is the stiffness of the spring element. It can 

be adjusted to track frequency-varying disturbances and can 

be expressed as 2.
a a
k m ω′ =  Otherwise, if 2 ,

a a p
k m ω′ =  the 

absorber is a translational ATV. 
a
c′  is the damping value of 

the translational ATVA, and 2 ,
a a a
c m ξ ω′ =  which ensures 

that the damping of the translational ATVA is equal to that of 

the pendulum-like ATVA. 

According to the dynamic analysis of the above system, the 

driving point mobility of the primary system with a transla-

tional ATVA attached can be obtained as follows [5, 23, 24]: 
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In Eq. (13), if 
a
′Ω  is equal to 1, the absorber becomes a 

translational ATVA, and the natural frequency of the transla-

tional ATVA is kept at a fixed value 
a p
′Ω = Ω . In this case, 

the absorber can be regarded as a translational ATV. The vi-

bration attenuation effect of the translational ATVA can be 

obtained according to Eqs. (5) and (12) as follows: 
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(a) Influence of damping ratio ξa 

 

 

(b) Influence of mass ratio µ1 
 

Fig. 2. Vibration attenuation effect with different parameters of the 

pendulum-like ATVA.  

 

 

 
 

Fig. 3. Scheme of the primary system with translational ATVA. 
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The comparison of four kinds of vibration absorbers with 

the same mass and damping ratios is shown in Fig. 4. Both the 

pendulum-like ATVA and the translational ATVA have better 

performance than the TVA. For TVAs, the best vibration at-

tenuation effect occurs at its natural frequency. When the exci-

tation frequency is far from this frequency, the effect de-

creases quickly. For the entire frequency range, the curve of 

the attenuation effect of the pendulum-like ATVA is above 

that of the translational ATVA, which indicates that the pen-

dulum-like ATVA attenuation has a much better performance 

than the translational ATVA. Moreover, the pendulum-like 

TVA also has better attenuation effect than the translational 

TVA at its natural frequency.  

The above phenomenon corresponds to the presence of the 

leveraged structure because it can reduce the damping of the 

pendulum-like ATVA. To simplify the illustration, the mass 

of the pendulum arms and the dimensions of the radius of the 

cylindrical slider are neglected. Then, the first expression in 

Eq. (1) can be written as 

 
2 2

1 1
, .

a a a a a p a
m y R c y R k y m x y Rθ+ + = − =% %&& & &&  (15) 

 

Compared with the translational ATVA, Eq. (15) shows 

that the damping of the pendulum-like ATVA is proportional 

to 2R% . In addition, 2 1R <% , which means that the damping of 

the pendulum-like ATVA is smaller than that of the transla-

tional ATVA. Therefore, the vibration absorption capacity of 

the pendulum-like ATVA is much larger than that of the trans-

lational ATVA. 

 

2.2.2 Comparison of the spring element deformation 

Another advantage of the pendulum-like ATVA is the 

strength of its spring. The spring, which is one of the most 

important components of the ATVA, can easily cause fatigue 

failure when the vibration absorber is working in the vibrating 

system because of long periods of cyclic deformation. In low-

frequency vibration control in particular, the stiffness of the 

spring elements is often smaller than that in high-frequency 

vibration control. Therefore, spring elements have larger de-

formation and can easily result in fatigue damage. However, 

this issue can be properly solved by the pendulum-like ATVA. 

Given the institution of pendulum arms in the vibration ab-

sorbers, the spring stiffness of the spring element has a much 

larger value and a smaller deformation than that in the transla-

tional ATVA at the same natural frequency. 

The larger deformation of the spring element can be calcu-

lated easily in an oscillation cycle at a fixed frequency accord-

ing to the displacement of the primary system. The deforma-

tion of the spring element in the pendulum-like ATVA is 
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where 
0st p
P kδ = , which is the deformation of the primary 

system under static load 
0
P . 

For the translational ATVA, the deformation of the spring 

element is 
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Comparisons of the spring element deformation between 

the pendulum-like ATVA and the translational ATVA are 

shown in Fig. 5. 

The deformation of the spring element is found to decrease 

slightly with the increase of the excitation frequency. The 

curve is also found to change gently. However, the spring 

element deformation of the translational ATVA gradually 

increases when the excitation frequency approaches the natu-

ral frequency of the primary system. At most ranges of fre-

quency, the simulation results show that the spring element 

deformation in the translational ATVA is much larger than 

that in the pendulum-like ATVA. Hence, the small and stable 

spring element deformation effectively improves the ability of 

the ATVA to resist fatigue damage and to extend the service 

life of vibration absorbers. 

 
 

Fig. 4. Vibration attenuation performances of different vibration ab-

sorbers. 

 

 

 
 

Fig. 5. Comparison of the spring deformation. 
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3. The design and dynamic property of the pendu-

lum-like ATVA 

3.1 The prototype of the pendulum-like ATVA 

According to the previous analysis, the pendulum-like ATVA 

performs better than the translational ATVA in terms of vibra-

tion reduction and fatigue damage resistance. These results indi-

cate that the pendulum-like ATVA is more suitable for engi-

neering applications. In this paper, a mechanical pendulum-like 

ATVA is designed and can be considered as two axisymmetric 

dynamic masses swaying around the same pendulum axis. 

The model of the pendulum-like ATVA is shown in Fig. 6.  

As shown in Fig. 6, the pendulum-like ATVA is composed 

of pendulum arms, pendulum axis, base, cylindrical sliders, 

and a bow spring blade. The cylindrical slider consists of a 

stepping motor and its installation seats. The cylindrical slider 

and the pendulum arms are jointed with the rack and pinion to 

ensure accuracy in transmission. By using a stepping motor, 

the slider can move freely along the pendulum arm, and the 

natural frequency of the pendulum-like ATVA can be 

changed to trace the external excitation frequency. The step-

ping motor must function as a self-locking stepping motor to 

ensure that the pendulum-like ATVA works as a TVA when 

the control system fails. The cylindrical sliders and the pendu-

lum arms constitute the dynamic mass of the pendulum-like 

ATVA. The stepping motor, which acts as a part of the dy-

namic mass, can make best use of the space and raise the utili-

zation of mass. The bow spring blade should be chosen for its 

good holding capacity and large lateral rigidity. It should also 

meet the requirements of long-term cycle deformation use 

with stability and low cost. 

 

3.2 Dynamic characteristics of the prototype 

A vibration table is used to study the dynamic properties of 

the pendulum-like ATVA. The schematic of the testing sys-

tem is shown in Fig. 7.  

The pendulum-like ATVA is fixed on a vibration table. The 

signal analyzer provides a sweep sinusoidal excitation signal 

to drive the system via a power amplifier. Two accelerometers 

(model: CA-YD, manufactured by Sinocera Piezotronics Inc., 

China) are placed on the pendulum arm, and one accelerome-

ter is placed on the vibration table to record their responses. 

The acceleration signals of the vibration table and the pendu-

lum arm are then sent to the dynamic signal analyzer (Signal-

Calc430, Data Physics Corporation, USA) with the input sig-

nals and the output signal of the prototype. With these signals, 

the transmissibility relating the output signal to the input sig-

nal can be obtained using fast Fourier transform (FFT) analy-

sis in the dynamic signal analyzer. The peak of the transmissi-

bility curve is the natural frequency of the prototype. With the 

transmissibility curve, the damping ratio can be computed 

using the half power bandwidth method. 

Fig. 8 shows the amplitude-frequency curves and the phase-

frequency curves of the transmissibility of the left pendulum 

arm. The results indicate that transmissibility curves move 

rightward by reducing the distance R between the centroid of 

the slider and the axis, which means that the natural frequency 

of the pendulum-like ATVA varies with distance R. 

By reading the peak values of the transmissibility in Fig. 8, 

the obtained frequency-shift property of the left pendulum arm 

is shown in Fig. 9(a).  

As described in this figure, the natural frequency of the left 

pendulum arm changes from 10.25 Hz to 21.25 Hz when the 

distance R  varies from 17 cm to 6 cm. Therefore, the pendu-

lum-like ATVA prototype has the capability to change its 

frequency by 207%. Using the same method, the frequency-

shift property of the right pendulum arm can also be obtained. 

The natural frequency of the right pendulum arm varies from 

10.25 Hz to 21 Hz, which is much closer to the right pendu-

lum arm. Moreover, the experiment values are well agreed 

with the theoretical values. The damping ratios obtained by 

using the half power bandwidth method are shown in Fig. 9(b). 

The average damping ratio is roughly 0.022, indicating that 

tthe which demonstrates that the damping of the pendulum-

like prototype is low. 

 

(a) Pendulum-like ATVA 

 

 

(b) Slide 
 

Fig. 6. Scheme of pendulum-like ATVA. 

 

 
 

1. Pendulum-like ATVA; 2.Vibration table; 3. Accelerometer 

4. Charge amplifiers; 5. Dynamic signal analyzer; 6. Computer. 
 

Fig. 7. Schematic of the test system for the measurement of the dy-

namic properties of the prototype. 
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4. Vibration attenuation effect evaluation on a multi-

model platform 

4.1 Numerical simulation of the vibration attenuation effect 

Many systems suffering from undesired vibrations are es-

sentially multi-mode systems. Some simulations are carried 

out to evaluate the vibration attenuation performance of the 

pendulum-like ATVA used in such systems. The simulation 

model shown in Fig. 10 comprises a machine as the mass, a 

rectangular plate with four supporting edges as the flexible 

base, and four isolators between the mass and the base. In 

engineering applications, the vertical vibration energy is more 

significant than that of other directions especially in a low-

frequency band. Thus, only the vertical forces and the result-

ing motions of the system are given focus in this model. By 

assembling the mobility matrices of the subsystems [35, 36], 

the mathematical models of the system can be implemented. 

 

4.1.1 Mathematical model of the simulation 

Neglecting elasticity, the mass is treated as a rigid body 

with three modes. Assuming ( , )
l l l
P x y and ( , )

s s s
P x y  are the 

coordinates of any two points on the mass, according to litera-

ture [34, 36], the acceleration cross mobility between them 

according to literature [34, 36] is: 

 

1
( , ) l s l s

l s

M x y

x x y y
P P

m J J
ξ = + +  (18) 

 

where 
M
m  is the mass of the mass, 

x
J  is the rotational 

inertia of the mass of the X axis, and 
y
J  is the rotational 

inertia of the mass of the Y axis. The equation describing the 

mass is 

 

11 12

21 22

Mt Mt Mt

M

Mb Mb Mb

Acc F FM      
= =      

      

M
M

M MAcc F F
 (19) 

 

where 
M

M  is the mobility matrix of the mass, and Acc  

and F  are the acceleration and force vectors, respectively. 

The subscripts ,M b  and t  denote substructure mass, top, 

and bottom interfaces, respectively. Similarly, the acceleration 

and force vectors of the isolators and base are defined as 

,
It

Acc ,
Ib

Acc
It

F  and
Ib

F ;
B

Acc and 
B

F .  

 

(a) Amplitude-frequency curve  

 

 

(b) Phase-frequency curve 
 

Fig. 8. Transmissibility versus frequency at various distances R. 

 

 

(a) Frequency-shift property 

 

 

(b) Damping property 
 

Fig. 9. Testing results of the dynamic properties. 

 

 
 

Fig. 10. Simulation model of the multi-mode system with the pendu-

lum-like ATVA attached. 
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The sub-matrices of 
M

M  are 

 

11
[ ( , )]

F F
M P Pξ=  

12 1 4
[ ( , )]

F l
P Pξ ×=M  

21 12

T=M M  
22 4 4

[ ( , )]
l s
P Pξ ×=M  ( , 1,2,3,4)l s =   

 

with 
F
P  and 

l
P  representing the position coordinates of the 

exciting force and the four isolators. 

The mass attached to the pendulum-like ATVA will affect 

its mobility matrix. Setting ,
p
x  

p
k  and 

p
c  to zero in Eq. 

(1), we can obtain the acceleration admittance at the setting 

point of the pendulum-like ATVA. 

 

1

[1 ( ) ]
2

A

A

A

a

Acc
M

F L
m

R

ϕ
η ρ

= =

+ +
%

%

 (20) 

 

The 
A

Acc  and 
A
F  are the acceleration and force vectors 

at the setting point of the pendulum-like ATVA, respectively. 

In considering the force applied on the pendulum-like ATVA, 

the equation describing the mass with the pendulum-like 

ATVA attached is altered as: 

 

Mt Mt

M AM

Mb Mb

Ma AA

A A

Acc F

M
Acc F

   
    =     
       

M M
Acc F

M
 (21) 

 

where 

 

1 2 3 4
[ ( , ) ( , ) ( , ) ( , ) ( , )]T

Am a F a a a a
P P P P P P P P P Pξ ξ ξ ξ ξ=M , 

,T
mA AM
=M M  

[ ( , )]
AA a a

M P Pξ=  ( , , )a A B C= . 

 

With 
a
P  representing the position coordinate with the set-

ting point of the pendulum-like ATVA, the pendulum-like 

ATVA can be mounted in there are three locations (A, B, C) 

to choose from to mount on the pendulum-like ATVA. By 

combining Eqs. (20) and (21), 
A

Acc  and 
A
F  can be elimi-

nated from Eq. (21). The modified equation is: 

 

ˆ

[ ( ) ]

Mt Mt

M

Mb Mb

Mt

M Am A AA mA

Mb

Acc F

F
M M

   
=   

   

 
= + −  

 

M
Acc F

M M M
F

. (22) 

 

According to Ref. [34], the model of the isolator is a spring-

mass system (Fig. 11). To introduce the mass of the isolator 

into the simulation, a lumped mass 
I
m  is placed at the mid-

dle of the spring. The complex stiffness * (1 )
I I
k k jg= +  is 

used to describe the stiffness characteristic of the isolator, 

which is made of a rubber material. g  is the loss factor of 

the material. The lumped mass divides the spring into two 

minor springs with complex stiffness *2
I
k . 

The equation describing the substructure isolators is 

 

11 12

21 22

It It It

I

Ib Ib Ib

      
= =      

      

Acc F FI I
M

Acc F FI I
 (23) 

 

where 
 

2

11 22 4 4*

1
[ ]
2

I I

diag
k m

ω
×

−
= = +I I , 

12 21 4 4

1
[ ]

I

diag
m

×= =I I . 

 

According to the vibration theory of the flexible board [34-

36], the cross of the flexible base mobility between any two 

points on the plane ,
u
P

v
P  is written as 

 
2

2 2
1 1

( ) ( )
( , )

(1 )

N N

mn u mn v

u v

m nB mn

P P
P P

m j

ω φ φ
χ

ω δ ω= =

= −
+ −∑∑  (24) 

 

where 
B
m  is the mass of the plane, δ  is the loss factor of 

the plane, and 
mn

ω  and 
mn
φ  are the natural angular fre-

quency and the mode function of the plane, respectively. N  

is the number of the mode that is taken into account. The equ-

ation describing the substructure base is 

 

4 4
[ ( , )]

B B B u v B
P Pχ ×= =Acc M F F  ( , 1, 2, 3, 4)u v = .  (25) 

 

By assembling all the obtained mobility matrices of the 

subsystems ( ,
M

M  
I

M  and 
B

M ), the mathematical models 

of the entire system can be established. The relationship be-

tween the transmitted forces and the corresponding accelera-

tions on the interfaces of the subsystems can be easily deter-

mined as 

 

Mb It Mb It

Ib B Ib B

= − =

= − =

F F Acc Acc

F F Acc Acc
. (26) 

 

By combining Eqs. (19), (23), (25) and (26), the accelera-

tion of the excitation point can be obtained as 

 

B B B A Mt
F=Acc M H H  (27) 

 

where 

 
 

Fig. 11. Model of the isolator. 
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−

−
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With Eqs. (22) and (27), the response of the system with the 

pendulum-like ATVA attached can be computed by replacing 

the sub-matrices of 
M

M  with that of ˆ
M

M . When the pendu-

lum-like ATVA is attached to the multi-mode system, the 

dynamic characteristics of the system will be changed. In this 

workstudy, the attenuation of the average vibration of the 

flexible base is used to represent the vibration attenuation 

effect of the pendulum-like ATVA. The vibration attenuation 

effect of the pendulum-like ATVA is stated as follows: 

 

20lg b with

b without

Acc

Acc
γ −

−

=  (28) 

 

where 
b with

Acc −  and 
b without

Acc −  are the average acceleration 

responses of the flexible base with and without the DVA at-

tached, respectively. They can be calculated by the following 

formula as  
 

4

1

4

Bi

i

b

Acc

Acc ==
∑

 (29) 

 

where 
Bi

Acc  is the vibration acceleration amplitude of the 

number i test point on the flexible base. The smaller the γ  is, 

the better the effect that can be achieved. 

 

4.1.2 Simulation results 

In the simulation, the concerned frequency band ranged 

from 10 Hz to 20 Hz. Corresponding to subsequent experi-

ments, the following data are used in the calculations: 

 
j t

Mt
F e ω=       ( 0.35, 0)

F
P = −  

300
M
m Kg=       225

Y
J Kg m= ⋅       25.2

X
J Kg m= ⋅  

0.5
I
m Kg=       0.14g =       744193 /

I
k N m=  

1092
B
m Kg=       0.05δ =       ( 0.22, 0.3)

l
P = ± ±   

4.5
a
m Kg=       1r =%       612500 /

a
k N m=   

0.022
a
ξ =       7L =%       ( 0.8, 0.2)ϕ η= =  

( 0.35, 0.25)
A
P = −   ( 0.35, 0)

B
P = −   ( 0.35, 0.25)

C
P = − −  

 

If only the vertical vibration is considered, the system will 

have three vibration modes: vertical vibration mode, rotation 

mode around the X-axis, and rotation mode around the Y-axis. 

The undamped natural frequencies of three modes can be de-

termined as follows: 

 

1 4 1 4 744193
16

2 2 300

I

vertical

m

k
f Hz

mπ π
×

= = ≈ , 

2 241 1 4 744193 0.2
24

2 2 5.2

I i y

X axis

x

k C
f Hz

Jπ π
−

−

× ×
= = ≈ , 

2 2
1 4 1 4 744193 0.22

12
2 2 25

I i x

Y axis

y

k C
f Hz

Jπ π
−

−

× ×
= = ≈ . 

 

The excitation force is applied along the X-axis, which is 

the nodal line of the rotation mode around the X-axis; there-

fore, this mode cannot be excited.  

Fig. 12 shows the simulation results. When the excitation 

frequency is close to 16 Hz, the vertical vibration mode con-

tributes considerably to the vibration. The pendulum-like 

ATVA fixed at any position can exert positive effects on at-

tenuating the vibration because this mode has no nodal line. 

Bordered by the Y-axis, the pendulum-like ATVA located on 

the same side of the excitation is found to work better. The 

farther the installation location is away from the nodal line, the 

better the effect that can be obtained. 

The vibration with the frequency closest to 12 Hz depends 

primarily on the rotation mode of the Y-axis. Therefore, the 

vibration can be attenuated by the pendulum-like ATVA ex-

cept when a nodal line of this mode (Y-axis) is installed. The 

situation is similar when the frequency is close to 16 Hz. 

However, the effect is more obvious when the pendulum-like 

ATVA is placed on the same side of the excitation. 

If the excitation frequency lies between 12 and 16 Hz, the 

pendulum-like ATVA on the same side of the excitation force 

will have evident vibration attenuation effect. However, the 

pendulum-like ATVA on the opposite side receives a negative 

result, indicating that the vibration of the system is increased 

by the pendulum-like ATVA. The simulation results indicate 

that the ATVA should be installed on the same side of the 

excitation. 

 

4.2 Evaluation experiments of the vibration attenuation ef-

fect 

To evaluate the vibration attenuation effect of the prototype 

of the pendulum-like ATVA, a massive multi-mode platform 

is designed in accordance with the theoretical model in Fig. 10. 

Fig. 13 shows the photograph of the experimental platform. A 

rigid mass supported by four rubber isolators is fixed on the 

 
 

Fig. 12. Simulation results of the vibration attenuation effect. 
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elastic base welded by steel plates. The natural frequencies of 

the elastic base are much larger than that of the mass. There-

fore, the vibration of the system is mainly affected by the 

modes of the mass in the low frequency. The major parame-

ters of the platform, such as mass, rotation inertia, and stiff-

ness of the isolator are similar to that used in simulation. The 

pendulum-like ATVA is placed on one side of the mass. The 

eccentric excitation is applied by an electromagnetic exciter. 

An impedance head connecting the mass and the exciter is 

used to monitor the acceleration and force signals. Four accel-

erometers are placed near the isolators to measure the vibra-

tion of the flexible base. As the mass of the platform is 300 kg. 

the ratio of the mass of the platform and the mass of the pen-

dulum-like ATVA is 60:1. 

With these signals measured by the impedance head, the 

admittance relating the acceleration to the force signal is ob-

tained through FFT analysis. The admittance spectrum of the 

system without an absorber attached is shown in Fig. 14. Here, 

two peaks corresponding to the rotation mode and the vertical 

vibration mode are found in the curve.  

In this experiment, the system is excited by a series of sin-

gle frequencies to approximate a swept sine excitation. The 

amplitude of the excitation force is 80 N, and the frequency 

range is 10 Hz to 20 Hz. The pendulum-like ATVA is con-

trolled by a control box composed of a step motor driver (SH-

20403, Beijing Hollysys Inc., China) and a self-made proces-

sor with a core of DSP-TMS320F2812 (Texas instrument 

Company, USA). Before the control process is started, the 

initial frequency of the pendulum-like ATVA, the relational 

table between the natural frequency, and the position of the 

sliding blocks at the pendulum axis are set. When the pendu-

lum-like ATVA is working, the signals of vibration of the 

experimental platform are sampled by the control system. The 

sampling time interval and the sampling numbers are 0.001 s 

and 1024, respectively. Through the sampled signal, we can 

obtain the dominant frequency of the excitation force by FFT. 

A look-up table is then used to compute the desired position 

and to drive the motor further to tune the slider to the desired 

position at the pendulum axis. In this way, the control system 

can adjust the frequency of the pendulum-like ATVA to trace 

the external excitation frequency as rapidly as possible. Ac-

cording to Eq. (28), the vibration attenuation effect is charac-

terized by comparing the average vibration of the flexible base 

with and without an absorber (TVA and ATVA).  

Fig. 15 shows the experimental results of the vibration at-

tenuation effect. The ratio of the platform and the absorber 

mass is about 60, and the pendulum-like ATVA is fixed on 

location A (the same side with the excitation), as shown in Fig. 

10. If the natural frequency is fixed at 16 Hz, the uncontrolled 

pendulum-like ATVA can be regarded as a pendulum-like 

TVA. For the pendulum-like TVA, the best vibration attenua-

tion effect occurs at its natural frequency. The effect goes 

down when the excitation frequency is far from this frequency. 

At some frequencies, the values of the effects are even larger 

than 0, indicating that the vibration of the system is increased 

by the pendulum-like TVA. For the ATVA whose natural 

frequency is tuned to trace the excitation frequency, its vibra-

tion attenuation effect is better than that of the TVA within the 

entire adjustable frequency band except at 16 Hz. The curve 

has two troughs at the natural frequencies of the system (12 

and 16 Hz), which means that the pendulum-like ATVA 

works much better in attenuating large vibrations. The best 

effect of the pendulum-like ATVA reaches roughly 8.5 dB at 

12 Hz. The numerical results of the vibration attenuation ef-

fect are computed with the method presented in Section 4. A 

 
 

1. Pendulum-like ATVA; 2. Control box; 3. Flexible base; 

4. Isolator; 5. Mass; 6. Impedance head; 7. Accelerometer; 

8. Excitation; 9. Power amplifier; 10. Dynamic signal analyzer; 

11. Charge amplifiers; 12. Computer. 
 

Fig. 13. Photograph of the experimental set-up. 

 

 
 

Fig. 14. Admittance of the evaluation platform. 

 

 
 

Fig. 15. Experimental results of the vibration attenuation effect. 
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comparison between the simulation results and experimental 

data is conducted. Fig. 15 shows that the experimental data 

and numerical curve are very close. The average error be-

tween the experimental data and the simulation results is 

smaller than 0.52 dB for the pendulum-like ATVA, and the 

value of this index is smaller than 0.48 dB for the pendulum-

like ATVA. The main error lies in the setting of the boundary 

conditions and in the usage of simplified theoretical models. 

The results indicate that the dynamic model is reasonable and 

that the experimental data are reliable. 

 

5. Conclusions 

In this work, a novel pendulum-like ATVA that consists of 

two axisymmetric pendulum arms swaying around the same 

pendulum axis is developed. The natural frequency of this 

ATVA can be tuned from 10.25 Hz to 21 Hz by adjusting the 

distance R between the centroid of the slider and the pendu-

lum axis, which varies from 17 cm to 6 cm. The damping of 

the prototype is rather small, and the average damping ratio is 

0.022. Compared with translational ATVA, the pendulum-like 

ATVA decreases the damping of the ATVA as well as the 

deformation of the spring. Hence, the vibration absorption 

capacity is enhanced, and resistance to fatigue damage ability 

is increased.  

To investigate the vibration adsorption performance, simu-

lations are carried out using the transmission mobility method 

to predict the vibration characteristics of the multi-mode sys-

tem with the pendulum-like ATVA attached theoretically. The 

pendulum-like ATVA fixed on location A is found to be ca-

pable of controlling all the modes of the system and to receive 

a good effect within a frequency range. The simulation results 

are verified through experimental studies conducted on a 

multi-mode platform comprising a mass, isolator, and a flexi-

ble base. The experimental results demonstrate that the pendu-

lum-like ATVA mounted on location A can reduce the vibra-

tion effectively in a broad frequency range. The best effect 

reaches 8.5 dB when the ratio of the mass of the platform and 

the mass of the pendulum-like ATVA is roughly 60:1. The 

experimental results agree well with the theoretical calculation. 

Therefore, this kind of pendulum-like ATVA has great poten-

tial in engineering applications. 
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